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Abstract

We derive theorems for induced signals on electrodes embedded in a medium with a position and frequency-
dependent permittivity &(¥, s) and conductivity (¥, s) that are connected with arbitrary discrete elements. The problem
is treated using the quasi-static approximation of Maxwell’s equations for weakly conducting media. The induced
signals can be derived by time-dependent weighting fields and potentials and the result is the same as the one given in
Gatti et al. (Nucl. Instr. and Meth. 193 (1982) 651). We also show how these time-dependent weighting fields can be
derived from electrostatic solutions. Finally, we will apply the results to Resistive Plate Chambers where we discuss the
effects of the resistive plates and thin resistive layers on the signals induced on plane electrodes and strip electrodes.
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1. Introduction

Most particle detectors can be approximated by
assuming perfectly conducting electrodes sur-
rounded by insulating materials. In that case all
the electric fields are instantaneous and the current
induced on a grounded electrode by a charge Q
moving along a trajectory X(¢) in the detector can
be calculated by Ramo’s theorem [1,2]:

1(t) = QE(X(1)x(t) (1)

where E (X) is the electric field in the detector if the
charge is removed, the electrode in question is put
to unit voltage and all other electrodes are
grounded. In a detector with resistive elements
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the electric fields will show a time dependence and
the above statement will not hold. In this report,
we will derive a similar theorem for detectors
containing resistive elements, i.c. we will answer
the question: what are the voltages induced by a
time varying charge density p(X,?) on electrodes
embedded in a medium with arbitrary conductivity
a(X,s) and permittivity &(X,s) that are connected
with arbitrary reactive elements (Fig. 1).

If we answer the question for electrodes
embedded in a general medium without discrete
elements, as shown in Fig. 4, we have already
solved the problem for connected electrodes since
we can assume the discrete elements to be
contained in the &(X,s) and (X, s).

Finally, the results will be applied to signals in
Resistive Plate Chambers.

0168-9002/02/$ - see front matter© 2002 Published by Elsevier Science B.V.
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Fig. 1. Electrodes embedded in a medium with conductivity
o(¥,s) and &(X,s) and connected with an arbitrary reactive
network. The time varying charge density p(X,7) induces
voltages on the electrodes.

2. Quasi-static approximation of Maxwell’s
equations

To include the frequency dependence of ¢ and ¢
we work in the Laplace domain, i.e. we write
ZIE, 0] = E,9),

ER -
7| (a’;”) — SE(%,9), etc. 2)

where we have assumed that at # = 0 all fields and
charges are zero. Maxwell’s equations for a linear
isotropic medium with permittivity &(X,s) and
conductivity a(X,s) then read as

3 VB=0 B=uH (3

65:,5 5:81__?),
§><E:—sl_§, @x?]:]__}e+al_§+s5 4)

where]_’e is an ‘externally impressed’ current that is
connected with an ‘external’ charge density by

@fe = —sp.. Assuming weak conductivity ¢ we
can set
VxE=-sB=0 =E=-V ()

and by taking the divergence of the second
equation in Eq. (4) we find
VIo(x, )VIB(Z, 5) + V[e(x, s)V]sP(Z, 5)

= —5pe(X,s) (6)

which we can write as
V[e®, 5)V]B(X,s) = —pe(R,s) with

e«(X,s) = e(X,5) + é a(X,s). (7)

This equation has the same form as the Poisson
equation for electrostatic problems [9,10]. Let us
assume that we have a general charge density with
a time dependence according to

pX, ) =p(X)o(r) - pelX,5) = p(X). (8

To find the corresponding time-dependent poten-
tial, the equation to solve is

VIR, )V]BRX, s) = —p(). )

From this we can conclude the following state-
ment:

If we know the electrostatic potential for the
charge density p(X) in a medium with given &(X)
we obtain the time-dependent potential for a
charge density p(X)o(r) in a medium with
conductivity ¢(X,s) and permittivity &(X,s) by
replacing ¢ with ¢+ o/s and performing the
inverse Laplace transform.

Since the Green’s function for the electrodynamic
problem is the potential for the source §(X)d(r) the
same conclusion applies:

If we know the Green’s function for a medium
with given ¢(X) we obtain the time-dependent
Green’s function for a medium with conductiv-
ity o(X, s) and permittivity &(X,s) by replacing ¢
with ¢+ 0/s and performing the inverse
Laplace transform.

In the next section, we will show two simple
examples.

2.1. Point charge in infinite space

The Green’s function for a homogeneous
medium characterized by a constant permittivity
¢ is given by

G(F)

(10)

" dmelr|
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Replacing ¢ by ¢ + o /s and performing the inverse
Laplace transform we find the Green’s function for
a medium with constant conductivity ¢ and
permittivity & as

;<5(t) - %e’/f), T = g (11)

GO0 = 4]

E.g. putting at time ¢ = 0 a charge density p(F) into

the medium i.e. p (7, 1) = p(F)O(¢) the time-depen-
dent potential is given by

t
OF, 1) = / /0 GF—7.,t—)p@)o)dl &*r
V

—t/t =
_e / [)(r) d3r,. (12)
Vv

" 4me |7 — 7

The potential is equal to the electrostatic one, but
‘destroyed’ with the time constant 1 = ¢/a.

2.2. Point charge in an infinite half-space

Let us assume two infinite half-spaces with
different constant ¢, ¢ and a point charge Q at the
boundary (Fig. 2). The electrostatic solution (¢ =
0) is given by [3]

.. 0 2 1
oF) =——-"——. 13

( 4n (g1 + &) |7 (13
This has the same form as the above solution (10),
so the potential for a point charge Q created at
t = 0 we have

r=0F8 g

o1+ 0;

— 2Q e—t/r

4n(er + &2)IF] ’
If wesete = ¢y, o1 =0, & = &¢& and o, = o, the
geometry is similar to a charge sitting on the

&7, 1)

el, ol

€2, 02

Fig. 2. Point charge on the boundary between two infinite half-
spaces of constant ¢ and e.

resistive plate in a Resistive Plate Chamber (RPC).
With typical numbers of 1/ =10 Q cm and
& = 5 we find a time constant of = 4.4 ms, so the
charge is ‘removed’ very slowly compared to the
RPC signal duration of a few nanoseconds.

3. Generalized Green’s theorem and impedance
matrix

In order to apply the quasi-static approximation
to the problem of induced signals we need a
generalization of Green’s theorem and the capaci-
tance matrix. If we have N insulated electrodes on
potentials V; (Fig. 3a), the charges on the electro-
des are given by

0= Z ciV; (15)
J
Vi

0 &

V() H0)

V2(t)
£(x.9) 15
a(x,9)

V3(t)

150
(b)

Fig. 3. (a) The voltages V; and charges Q; on insulated
electrodes are connected through the capacitance matrix c;.
(b) The voltages ¥; and currents If*' flowing onto electrodes
embedded in a general conducting medium are connected by the

impedance matrix Z(s).
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where c¢;; is the capacitance matrix. This is derived
from Green’s second theorem [3] which reads as

/V WAS — pAY) AV
- /S WY — pV) dA. (16)

Now we derive a similar relation for electrodes in a
medium with ¢(X, s) and o(X, s) (Fig. 3b). We want
to know the voltages V;(f) on the electrodes for
given external currents I*'(7) impressed on the
electrodes. Since there are no charges in between
the electrodes the equation to solve is

VIeE, HVIBEFE,$) =0,  Vils) = B, s)ls_s.»
Vi) = £ [Vi(s)] 17)

where S; is the surface of electrode i and ¢ =
¢+ 0/s as defined before. The charges on the
electrode surfaces and the currents flowing from
surfaces into the medium are given by

009 = [ st

I(s) = / o(3, )”(x 944 (18)

If the electrodes are not connected to an ‘external’
current source, the rate of change of the charge on
the surface is only due to the current leaving
through the surface, so the two are connected by

d
a4 0+ 1i(H)=0
- 50i(s)+ Ii(s) = 0 (19)

where we have assumed that at r = 0 the charges
on the electrode surfaces are zero. If the electrodes
are connected to external current sources the
relation is

d
@ 0i(0) + I(1) = I*(1)
- sQi(s) + Ii(s) = I*(1) (20)

We use a modified version of Green’s theorem [4]
given by

/V WE)VIFE)V]pR) — VI (@) VIP(E)] d*x
/[ YR )a¢(x> awx)

d4,

d4 (1)

P (X)——

which holds for arbitrary functions y,f, ¢. The
surface S encloses the volume V. We replace ¢
with &(%, s), (%) with ¢(¥,s) and can still chose
arbitrarily. We chose  to be the potential function
of the geometry in Fig. 3b with still arbitrary
boundary conditions v;(?), i.e.

VIeE HVIF(FE,5) =0,  5(s) = ¥(X, )ls_s;»
vi(t) = L7 [5(s))- (22)

Now we insert @, ¥ and ¢ in Green’s theorem, the
volume ¥ in between the electrodes is enclosed by
the electrode surfaces S =) S; and a surface at
infinity where all the fields are zero. The ‘volume’
terms in the first line of Eq. (21) are zero and we
are left with the surface terms of the second line, so
we get

> 6ils) {Q,(s) + iif(s)}

= ¥ 70|ae + 0. e3)

gi and j; are defined by Eq. (18) where & is replaced
by . Multiplying both sides with s and using
Eq. (20) we have

DB = V)i () (24)
1 1

which is called the ‘reciprocity theorem’. If we now
chose 7;(s) such that we put a constant voltage 7,
on electrode 1 (i.e. a voltage delta pulse 7;;0(7) in
the time domain), we have an ‘external’ current /™
on this electrode, voltages 7;(s) on the other
electrodes and no ‘external’ currents on the other
electrodes and we find

) = sy 2 U0 (3)
J

The same we can do with electrode 2, etc., and we
therefore find the relation

7o) = 3 ZT ), -
J i

Zij(s) = (26)

where 7*(s) is the current flowing onto electrode i
when we put a constant voltage 7; on electrode i
and 0;(s), j#i are the corresponding voltages on
the other electrodes. The matrix Zj; is called the
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characteristic impedance matrix of the electrode
system. We will use it later to find the connection
between induced voltages and currents.

4. Induced signals in weakly conducting
environment

Next we want to find the voltages and currents
induced on the electrodes by a time varying charge
density in between the electrodes as shown in
Fig. 4. The volume between the electrodes has a
position and frequency-dependent permittivity
and conductivity. Using the quasi-static approx-
imation we look for the solution of the following

V()

(+) @“
£(x,9) p(x,t)
a(x,9)

®V3(t)
@
176

o 15()

a(x.,9)

15

(b)

Fig. 4. (a) The time-dependent charge density induces voltages
on the electrodes which are embedded in a general medium. (b)
In case the electrodes are grounded the voltages are always zero
and the charge distribution induces currents that are flowing
between the electrodes and ground.

problem:
Ve, 5)V]BR, s) = —p(Z, 5),
Vi(s) = DX, 9)ly_s, (27

where S; is the surface of electrode i and V; is the
voltage of electrode i. As before e = ¢+ g/s.
The problem has the formal solution:

DR, s) = / G, X, 9)pR,s)d>x
4
Ve, )V)G(E, X, 5) = -6 % — X) (28)

where V' is the entire volume between the
electrodes. As in the last section we use Green’s
theorem (21), replace ¢ with ®(X,s), f(¥) with
€(X,s) and can still chose y arbitrarily. If we again
chose y to be the potential function of the
geometry in Fig. 4 where the charge density is
removed i.e.

V(e VW1 (X,s) = 0,
Bi(s) = Yir(E, 9ls_s, (29)

with still arbitrary boundary conditions #;(s) we
find

/V (@, 9P, 5) &

= Y 00|00+ 76)

-3 i) {q,-(miz-(s)} (30)

Since the electrodes in Fig. 4a are not connected to
any external source we have ' = 0. Multiplying
both sides with s and using Eqgs. (19) and (20) we
find

[ i@ @ dy =Y Rt G

1

If we chose the boundary conditions for ¥ such
that ;' = 0 for i#1 and i = g¢ = const., which
means in the time domain that we define { by
putting a current delta pulse ¢yd(¢) on electrode 1
while leaving all other electrodes unconnected, we
have

Pils) = / SO (R )pe( ) (32)
qo0 Jyv
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and in the time domain we get

0
Vl(l)_ / /WV(A/ l) pe( l)dS /dl
33)

This is the desired theorem:

The voltage induced by a time-dependent
charge distribution on an electrode embedded
in a medium of permittivity &(X,s) and con-
ductivity (X, s) can be calculated the following
way: we remove the charge, apply a delta
current ¢oo(f) on the electrode in question
which defines a time-dependent potential
Yy (X,1) in the space between the electrodes
from which V(f) can be -calculated with
Eq. (33). We call i, the ‘weighting potential’.

If o is zero, i.e. the electrodes are insulated, the
fields are instantaneous, the time dependence of v
becomes Y(X, 1) = Y(X)O(¢) and the above theorem
reads as

Vi) = % /V Uy (@)paF) . (34)

If the electrodes are grounded (Fig.4b), the
voltages V;(f) are zero and the time-dependent
charge density induces currents I,°*'(7) = I8(1)
flowing between the electrodes an ground. We
therefore have the relation

d .
a@ Oi(t) + I'(1) = IP (1)

- 50i(s) + Ii(s) = I°(9) (35)
and Eq. (30) becomes
[ @@ 9 = 3 1. (o)

4 i

We see that defining y by putting the voltage pulse
v1(f) = vgd(1) > D1(s) = vy on electrode 1 while
keeping all others grounded we find the induced
current on the electrode by the relation

150) = - / [ o= LD v ar o)

which is the second desired theorem:

The current induced by a time-dependent
charge distribution on a grounded electrode

embedded in a medium of permittivity &(X,s)
and conductivity o(X,s) can be calculated the
following way: we remove the charge, apply a
delta voltage pulse vyd(f) on the electrode in
question which defines a time-dependent poten-
tial y;(x, ?) in the space between the electrodes
from which 19(f) can be calculated with
Eq. (37).

Since the above theorems hold for general o(X,s)
and &(X, s) they are also valid if they are connected
with arbitrary networks as shown in Fig. 1 since
we can imagine the Y;; = 1/Z; to be contained in ¢
and e.

If o is zero the time dependence of  becomes
Y(X, 1) = Y(X¥)é(r) and the theorem reads as

15() = / @)D g, (38)
With Vj, = —dp, /ot we find
19() = Uio /V BV 0 &,

E((X) = -V, (X) (39)

which recuperates Ramo’s theorem.

4.1. Signals induced by a moving point charge

The charge density of a point charge Q created
at z = 0 and moving along a trajectory X(¢) is given
by

pe(E, 1) = QO)F[X — Xo(1)] (40)

Inserting this in the above formula we find

it =2y, o). )
qo
L2 / Ev@o(d), 1 — D)3ty dY
qo0 Jo

Ev® )= -V, (% 0. (41)

The first term is due to the creation of the charge
and the second term is due to the movement of the
charge. In an detector the charge is always created
through ionization, i.e. an electron and an ion are
produced at the same place from where they move
in opposite directions along trajectories X;(z) and
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X>(2). In that case the charge density is given by

pe(X, 1) = O[OF (X — X1(1) — 05X — Fa(0)],
X1(0) = X2(0). (42)

The induced voltage then becomes
t
Vi(2) :q—QO / EyGi(f),t — )%, () d?
0

L2 / By — D@ dl @)
qo Jo

so the term due to the creation of the charge
cancels and the signal can be calculated by the
weighting field E'V(X’, t). The induced signal is only
due to the movement of the charges. The same
relation is of course true for the induced current:

L :% /0 EiGu(f), 1 — )3(0) df

Y / Bi@a) - DAl (44
Vo Jo

4.2. Connection between induced current and
voltage

Finally, we want to find the connection between
the voltage induced on the electrodes and the
currents induced on the electrodes in case they are
grounded. Arguing in the s-domain, the weighting
potential for the induced voltage on electrode 1,
Yy (X,s), is defined by a current pulse gy on the
electrode 1. This current pulse will create voltage
signals

i(s) = Z1i(5)q0 (45)
on all the electrodes, where Z; is the impedance
matrix defined earlier. A current pulse ¢y on
electrode 1 is therefore equal to voltage pulses 7;(s)
on the electrodes. The corresponding potential i/
for this boundary condition 7;(s) is given by

_ 1 -
Yr(x,s) =Y Bils) “i(E.9)

- o5,
00 3 Zu(0) 5 (%) #6)

where (X, 5) are the potentials when electrode i is
put to voltage vy and all others are grounded. This,
however, is the definition of the weighting

potentials for the current induced on the grounded
electrodes. Therefore, we have the following
connection:

The voltages induced by a time-dependent
charge distribution on electrodes embedded in
a medium of permittivity &(X,s) and conductiv-
ity o(X,s) are connected with the currents
induced by the same charge distribution on
the grounded electrodes with the characteristic
impedance matrix Z;(s) through

Vils) = ZyI'(s). (47)
J

This is a very useful result since usually ; and
therefore ¢ are easy to calculate from electrostatic
solutions, and once we know ys; for all electrodes
we also know Z;; as seen from definition (26). We
will show an example later.

5. RPC with infinite plane electrode

To illustrate the formalism, we first study the
signal induced on an infinite plane electrode in an
RPC like detector geometry. After that we look at
the signal induced on a strip electrode. In these
examples we calculate the induced current on a
grounded electrode. The induced voltage on an
electrode connected to an amplifier will be treated
later. We will assume that an electron and an ion
are produced in one point, the electron is moving
with velocity v and the ion does not move.

5.1. Resistive layer touching the plane electrode

First we apply the formalism to the geometry
shown in Fig. 5. A point charge Q is moving
between two resistive layers and we want to know
the induced current on electrode 1.

The electrostatic weighting field of electrode 1,
i.e. the electric field in the gap in case electrode 1 is
put to voltage vy is given by

Vo183
T gesd) + e163dh + €160d5

(48)

By applying the statements from Section 2 we
derive the time-dependent weighting field, i.e. the
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-

d3 €3 & O
@ J
) Q Vo0
dl €1 & O
electrode 1
I(t)

Fig. 5. Resistive Plate Chamber. The charge moving in the gas
gap induces a current /(¢) on the electrode. The finite resistivity
of the plates affects the signal.

electric field in the gap for a voltage pulse vyd(z) by
replacing &1, &3 > &o&r + /s, &, — ¢ which gives

vo(o + &:&ps8)

E = .
) (dy + drer + d3)egs + ady

(49)

In the limit if very small and very large con-
ductivity we find

. Doy
lim E.(s) = — 0
o'lir(l) () dy + dre, + d3’
lim E.(s) = -2 (50)
g— 0 d2

For small conductivity the weighting field is just
the electrostatic one. For large conductivity the
resistive layers can be viewed as part of the
electrodes and the RPC is equal to an empty
condenser with plate separation ). For finite
conductivity ¢ the time-dependent weighting field
is found by inverse Laplace transform of the above
expression which gives

&r
E()=vy|—L 5
() %Qh+®&+% (0
z dl + d3 C_I/T)
e (dy + doer + d3)*
&0 (di + dag; + dy)
T=—F/"-.
g dz

Using Eq. (44), the current induced by a charge Q
created on the edge of the gas gap at t=0

(1)

0.6

05 i

0.4

03 [ dT

0.2

[()/(Qv) (1/mm)

0.1

0O 02 04 06 08 1 12 14 16 18 2

tT

Fig. 6. Current induced on the electrode from Fig. 5. If t~T
the signal shows an exponential time dependence. For 7>t and
T < the signals are equal to the electrostatic case.

and moving with a constant velocity v through the
gap d, until it hits the resistive layer at 7 = d5 /v is

t
I(t) = Q/ E.(t—{wd! (52)
bo Jo
which gives
I(t) 1
Qv o di + dre, + ds
X [sr + h + d3(1 - e’/f)}, t<T
! dl+d3’eT/T—1)e”/T, t>T

T d+detds dy
(53)

The result is shown in Fig. 6. For t>T the
resistive plates act like insulators and the signal
is not affected by the conductivity. For 1< T the
resistive plates act like perfect conductors and the
detector looks like an empty capacitor with gap ds.
The total induced charge is [ I(r)ds = Q indepen-
dent of the conductivity of the resistive plates. The
‘current tail’ for > T is due to the ‘annihilation’
of the charge sitting on the surface of the resistive
plate which was pointed out in Section 2.2.

In Trigger RPCs [5], typical values are T'~20 ns
and 1/6~10'° Q cm. Therefore t = ¢g/ox1073 s
which is much larger than T, so the conductivity of
the resistive plates has no influence whatsoever on
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a single RPC signal. For timing RPCs [6] typical
values are T~1ns and 1/6~10"? Q cm, so the
effects is even smaller. We can conclude that in
‘standard” RPCs the resistive plates affect the
signal only through their dielectric constant.

5.2. Resistive plate between gas gap and plane
electrode

Next we look at the geometry shown in Fig. 7.
The gap where the charge is moving is separated
from the electrode through a resistive plate. The
electrostatic weighting field in the gap is now given
by

_ Uoé162

T eexd) + e183dr + 818261’3.

(54)

If the resistive layer 1 has a permittivity ¢ and
layer 2 the conductivity ¢ we replace & — é&&p,
&, —> & + g/s and &3 > ¢ and we find

vo(ero + €ps8)

E.(s) = .
) [di + (d> + d3)e]eos + a(dy + &cd3)

(55)

In the limit if very small and very large con-
ductivity we find

. Do
Im E.(§) = ——————,
2 B = 0+ v
. Doér
1 E(s) = — . 56
lim E-(s) d T o (56)
QO® lv
a3 €3 €0
d2 €2 0 o
dl €l er
electrode 1

1)

Fig. 7. Detector where the gas gap is separated from the
electrode by a resistive layer.

We find that even for perfect conductivity of the
resistive layer the movement of the charge induces
a signal on the electrode. At first sight this seems
counter-intuitive since we expect a perfect con-
ductor to shield the signal from the electrode.
However, this is only true if the conductor is
grounded. If it is however floating (like in our
assumption) a positive charge Q induces a negative
charge on the top surface. This will result in a
positive charge on the down side of the plate which
in turn induces a negative charge on the electrode
which explains why a floating electrode is ‘trans-
parent’.

The time-dependent weighting field for finite
conductivity has the same form as the one in
Eq. (51) with different time constants so the
induced signals have the same shape as shown in
Fig. 6.

5.3. Resistive layer on dielectric insulator and plane
electrode

Now we turn layer 2 into an infinitely thin
layer with a given surface resistivity R. We use
Eq. (55) replace o with 1/(d,R) and set d»—0
which gives

Doér

E(s) = ———
=(5) d T eds

(57)
which means that a thin floating layer with
whatever surface resistivity R has no influence on
the current induced on the electrode and the
weighting field is the same as the one for a
geometry without layer 2! All these conclusions are
only valid for an infinite plane electrode. The next
section which treats strip electrodes will clarify this
picture.

6. Strip electrode

To study the signals induced on a strip electrode
in presence of conducting material we start with
the electrostatic weighting field for the geometry
shown in Fig. 8.

The z-component of the electric field in layers 2
and 3 when applying the potential vy to the strip
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: : - z=p
€3

— - 2=
€2 : :

- z=0
€l

x=-w/2 x=0 X=w/2 =

1

Fig. 8. Geometry with a strip electrode of width w and three
layers of different permittivities.

electrode of width w is given by [7]

E!(x,2)
— % /0 " dic cos(e) sin (K g)Fi(;c, 2 (58)
with
Fy(ie,2) = ei(e2 + &3) DC?:?[K@ —2)]
~ale— &) COIS)IEECK)(I) +z —2g)] (59)
Fyk.2) = 2¢1& cosh[i(p — z)] (60)

D(x)

D(x) = (&1 + &)(e2 + &3) sinh[x(p + ¢)]
— (&1 — &)(&2 + &3) sinh[k(q — p)]
— (&1 + &2)(e2 — &) sinh[k(2g + g — p)]
+ (&1 — €2)(é2 — &3) sinh[x(p + g — 29)].

For x =0, w— oo the expressions transform into

Vo€1€3
EX(x,2) =
: &63q + 1839 + e182(p — 9)

E3(x,z) = fot1t2

: &e3q + 1839 + e182(p — g)
which recuperates expressions (48) and (54) for the
infinite plane electrode. The time-dependent
weighting field in case the layers have conductiv-
ities a1, 02, 03 can again be calculated by replacing
& with & +0;/s and performing the inverse
Laplace transform. We will only show a qualita-
tive discussion of the geometries with resistive
plates and a careful quantitative discussion of the
effect of the thin resistive layer.

(61)

6.1. Resistive layer touching the strip electrode

First we study the geometry from Section 5.1 for
a strip electrode. Layers 1 and 3 have conductivity
o and layer 2 is the gas gap where the charge is
moving. We use F»(x,z) and replace ¢, &3 — &g, +
o/s,e2—¢. For infinite conductivity of the resis-
tive plates we find

vo cosh[r(g — 2)]
2 sinh(kg) cosh(kq)

lim F(k,2) = (62)

so E? stays finite and we still find a signal on the
strip. This is intuitively clear since the bottom
plate is in direct contact with the strips and the
charge induced on the plate is flowing from the
strips onto the resistive plate.

6.2. Resistive plate between gas gap and strip
electrode

To study the geometry from Section 5.2 where
the gas gap and the readout electrode are
separated by a resistive and an insulating layer
we use Fi3(k,z) and replace & —egper, e >0+
o/s,e3—¢. For infinite conductivity of the resis-
tive layer we find

lim Fi(k,z) =0 (63)
g— 0

so the layer ‘shields’ the signal from the strip.
From Section 5.2 we know that the signal induced
on an infinite plane electrode is not shielded by the
conducting layer, so if we imagine many strips next
to each other we know that the sum of the signals
on all strips is given by Eq. (55). From this we see
that the resistive plate will cause crosstalk to the
other strips and the lower the resistivity the more
strips will show a signal and the smaller the signal
on the individual strips will be. For common RPCs
the plate resistivity is so high that there is no effect
on the induced signal. However, in some RPCs the
voltage is supplied to the resistive plate through a
thin carbon layer with surface resistivity between
10° and 10° kQ which can have an effect on the
signal as shown in the next section.
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6.3. Resistive layer on dielectric insulator and strip
electrode

Now layer 1 should represent an insulating
dielectric with relative dielectric constant ¢, layer 2
should represent an infinitely thin resistive layer
with a given surface resistivity of R and layer 3 is
the gas gap. We use F3(k,z) and set 0 = 1/(gR),
replace &; — &ér, &2 = & + 0/, 83 > &, take the lim-
it g—0 and we find the expression

F3(K, Z) =

segRe; cosh[k(p — z)]

fol,2) =
&, sinh(kp) sinh(kq) cosh[k(p — z)]
x sinh[k(p + ¢q)] + (& — 1) sinh(kp) cosh(kq)

k(p +q)
2

(68)

S3(x)
B K(p + g) sinh(xp) sinh(kq)
~ sinh[x(p + ¢)] + (&r — 1) sinh(xp) cosh(xq)
(69)

which we can write as

SRC(x)

F}(k,Z) = H—S—Iw(l(j)

b(k, z) (65)
This is equal to the transfer function of a
differentiating RC element. In the previous section
we saw that the total signal induced on the infinite
electrode is not affected by the resistance R and is
equal to the electrostatic case. The signal on the
strip with finite width is however differentiated
and therefore, we expect also signals on the
neighbouring strips such that all of them add up
to the signal given before. So for decreasing
resistance we expect increasing signal differentia-
tion on the central strip and increasing crosstalk to
all other strips. Performing the inverse Laplace
transform we find the expression for the time-
dependent weighting field:

E.(x,z,1)
400/ dr cos(kx) sm( 2)
<[t LD e (~Law) | 60
with T = Rey(p + ¢) and

fl (K’ Z) = E
& cosh[k(p — 2)]
smh[;c(p + q)] + (&: — 1) sinh(xp) cosh(xq)

(67)

1
2 k sinh(kp) sinh(kq) + seoR[(¢; — 1) cosh(kg) sinh(icp) + sinh[k(p + ¢)]]

(64)

where f1,/2,/3 are dimensionless functions. The
signal induced by a point charge Q moving along z
is then given by

I(t) = % /0 tEZ(x, z2(f),t — )z(¢) dr. (70)

In particle detectors one usually has an electron
avalanche that induces the signal and since the
avalanche grows exponentially, the largest part
of the induced signal is due the very end of the
avalanche development. For our calculation
this means that we are interested only in a very
small z range of the weighting field where we
can assume it to be constant. Assuming now
that the charge is moving with a velocity v between
time 0<¢<7T ‘around’ position zy we can per-
form the integration and (after changing the
integration variable to r = (p + ¢)x) we find for
t<T:

I(t,zo)_S/w dr cos(r X )sin(r w >
Qu TJo Ptq P+q 2(p+q)

o a)on )

(71)
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and for ¢t > T

I(t,zo) 8 (7 dr X
Ov n/o p+qcos(rp+q)
xsin( id >f<pr >
2+ 9) g™
<[ (Za(rg=)) -
X exp <—£f3 <p :_ 7 z())) (72)

Fig. 9 shows examples of signals for different
resistivities R. For decreasing resistance R (de-
creasing 7) the signal on the central strip is more
and more differentiated and the crosstalk to the
first neighbour increases. Decreasing the resistance
even more will cause a differentiated signal also on
the first neighbour and will start crosstalk to the
second neighbour, etc.

For a surface resistivity of 100 kQ and p = ¢ =
2 mm we have 7 = 3.5 ns which is comparable to
T =20 ns in Trigger RPCs, so we can conclude
that resistivities around 10°Q of the layers
supplying the voltage to resistive plates in RPCs
with gap and plate dimensions of a few mm have
an effect on the induced signals.

7. Induced voltage

Now we want to find the voltage induced in the
detector shown in Fig. 5 in case the electrode is
connected to ground through a general impedance
network Z,4(s) (Fig. 10).

As described in the introduction we consider this
impedance to be ‘part of the medium’. As shown in
Section 4.2 this voltage is connected with the
current induced on the grounded electrode
through

Vi(s) = Zi(s)i(s) (73)

where /;(s) was already calculated in Section 5.1
and is given by Eq. (53). To find Z;; we need the
current i ! flowing onto the electrode for a voltage
delta pulse v;; on the electrode. The electric field
on the electrode surface is
V11€o

E =
YT (dy + ds)eo + do(eoes + 0 )s)

(74)
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..... 1=0.002T
T 02
E [ Tvee
£
= 0
Qo
e
-0.2
-04

0 0.5 1 15 2 25 3
@ tT

1st Neighbour Strip
0.15

0.125

01 F

0.075 |

0.05

1(t)/Qv (1/mm)

0.025

-0.025

-0.05

0 o5 1 15 2 25 3
(b) T

Fig. 9. Signal induced by a charge Q moving at x = 0 along z
with velocity v between ¢t = 0 and T for the geometry shown in
Fig. 8. The distances p and ¢ are 2 mm, the strip width is
w = 10 mm: (a) shows the signal induced on the central strip
and (b) shows the signal induced on a neighbour strip of same
width. For decreasing values of 1 = Reg(p + ¢) the signal on the
central strip is differentiated and the crosstalk to the neighbours
increases.

and therefore the charge on the electrode surface is
q1(8) = &reo Er A4 (75)
where A is the electrode area. The current leaving
the surface of the electrode is

U11

il(S) = UE] +m (76)
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electrode 1

v, (®

Z,(9)

Fig. 10. RPC geometry where the readout electrode is con-
nected to an impedance element.

With ileXt =sq(s)+ i(s) and Z;, = U]l/i]CXt we
have
21, = Za)Zo()
Za(s) + Zp(s)
where the detector impedance Zp(s) is given by
dy + &rdy + ds o

(77)

Z = . 78

p() A(seger +0)  segA(seper + o) (78)

In case o is zero the detector impedance becomes
1 Ay,

Zp(s) = —, (p=———"—"— 79

e PTGt )

where Cp is the detector capacitance. The equiva-
lent circuit is shown in Fig. 11. Applying the
current signal derived in Section 5 to this
equivalent circuit gives the voltage induced on
the electrode.

8. Conclusions

We have investigated the signals induced on
electrodes embedded in a conducting environment
by using the quasi-static approximation of Max-
well’s equations. The signals can be calculated by
time-dependent weighting fields as also shown in
Ref. [8]. If the electrostatic solution of the
weighting field for an insulating medium with

11(H)
Vi)

Z,(9) Zp(9)

Fig. 11. Equivalent circuit to calculate the induced voltage
from the current induced on a grounded electrode.

given &(X) is known, the time-dependent weight-
ing field for a medium with conductivity o(X,s)
and permittivity &(X,s) is given by replacing &;(X)
with &(X,s) + o(¥,s)/s and performing the inverse
Laplace transform.

As examples we treated RPC like geometries, in
particular we studied the effect of a thin resistive
layer on the signal induced on a strip electrode. We
conclude that decreasing surface resistivity of this
layer introduces signal differentiation on the
central strip and crosstalk to the neighbour strips.

The resistivity of the materials used in ‘standard’
RPCs results in time constant that are a few orders
of magnitude larger than the duration of the
charge movement in the detector and has therefore
negligible influence on the signal. The thin carbon
layers used for HV contact in RPCs with surface
resistivities of 0.1-1 MQ however result in time
constants that are comparable to the charge
movement duration and were therefore studied
carefully in this report.
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